We construct a two-parameter covariant differential calculus on the quantum h-exterior plane. We also give a deformation of the two-dimensional fermionic phase space.
Introduction
A possible approach for quantum groups 1 is constructed by deforming the coordinates of a space with noncommuting coordinates. If we consider the endomorphisms which preserve the algebraic properties of the algebra of coordinates then the quantum group structure appears.
In Ref. 2 Connes showed that derivatives and differentials corresponding to these noncommuting coordinates can be defined. He considered the differential algebra for noncommutative algebras. It is known, from the work of Woronowicz 3 , that one can define a consistent differential calculus on the noncommutative space of a quantum group.
A one-parameter covariant differential calculus on the h-exterior plane was introduced in Ref. 4 . In this paper a two-parameter differential calculus for the noncommutative dual plane is presented. It provides a general construction for finding all commutation relations among algebra elements, differentials and derivatives. We also give a two-parameter deformation of the two-dimensional fermionic phase space and, for a special case, we compared the deformed fermionic phase space algebra with Ref. 5 . We have seen that this deformed algebra, which is obtained for a special case, is slightly different from Ref. 5.
A Differential Calculus on h-Exterior Plane
In this section we formulate a two-parameter differential calculus on the quantum h-exterior (dual) plane. Let us begin with the basic notations concerning the quantum planes.
The quantum h ′ -plane is defined as an associative algebra whose elements x, y obey the relation
where h ′ is a complex deformation parameter. The algebra of h ′ -polynomials will be called the algebra of functions on the quantum plane and will be denoted by A h ′ .
The h-exterior plane, denoted by ΛA h , is an associative algebra equipped with the odd (fermionic) generators θ, φ satisfying 7 the commutation relations
where h is again a complex deformation parameter. The algebra ΛA h is a graded algebra with the usual grading induced by deg θ = 1 =deg φ.
In Ref. 9 , by formulating a differential calculus on the quantum (hyper-) plane, Wess and Zumino showed that the differentials of coordinates of the quantum plane can be identified with the coordinates of the quantum exterior plane. Since, in the classical limits (i.e. h −→ 0, h ′ −→ 0) x commutes with y and θ anticommutes with φ, as an alternative, x and y can be identified with the differentials of θ and φ, respectively, as in Ref. 10 . We shall set up a two-parameter differential calculus on ΛA h interpreting x and y as the noncommuting analogues of dθ and dφ, respectively:
To establish a two-parameter differential calculus on the quantum hexterior plane, we assume that the commutation relations among the coordinates and their differentials are of the form
where the entries C ij kl are complex numbers, and Θ 1 = θ, Θ 2 = φ, etc. We would like to describe the entries C ij kl . For this, it is desirable to define an exterior derivative operator d satisfying the following properties:
(ii) d satisfies the graded Leibniz rule, i.e.
Now from the consistency conditions
and the derivation of (4) we obtain the matrix
where t is a number. The number t can be determined by checking the relations among cubic monomials:
which uniquely constrain t to be equal to 0. The final result iŝ
which is given in Ref. 11 (and also Ref. 7) . So, we can write the commutation relations of coordinates and their differentials as follows:
Now let us denote the partial derivatives with respect to θ and φ, respectively, by
where
Assuming the deformed (graded) Leibniz rule for partial derivatives
one arrives at
Similarly, we have
We now order the commutation relations among algebra elements, differentials and derivatives as follows:
(a) The commutation relations of variables
(b) The relations of differentials
(c) The commutation relations of the differentials with the variables
(d) The commutation relations among ∂ and Θ
(e) The relations of derivatives
(f) The commutation relations between derivatives and differentials
Note that, it is easy to see that when h = h ′ , this calculus go back to those of the one-parameter calculus in Ref. 4 . Also, one can shown that this twoparameter differential calculus on the h-exterior plane (19)- (24) is covariant under the action of GL h,h ′ (2). The quantum group GL h,h ′ (2) was studied in Ref. 7 .
We now combine the relations (19), (22) and (23) and denote the algebra generated by the fermionic coordinates θ, φ and the fermionic derivatives ∂ θ , ∂ φ by B h,h ′ .
A Deformation of Fermionic Phase Space
We know that the natural definition of the fermionic momenta is to simply identify the fermionic derivatives ∂ θ and ∂ φ with the fermionic momenta π θ and π φ . But the hermiticity of the fermionic coordinates and the fermionic momenta is not compatible with the relations (22). In fact, the only problem is in the third relation of (22). In short, the algebra B h,h ′ cannot be interpreted as a two-parameter deformation of the fermionic phase space algebra. However, if we choose h = −h,
then the algebra B h,h ′ admits the following involution:
and
The above involution allows us to define the hermitean operatorŝ
Then we haveθ 2 = hθφ,θφ +φθ = 0,φ 2 = 0, 
π φθ = −θπ φ − h(θπ θ −φπ φ ) + h 2φπ θ , π φφ = 1 −φπ φ − hφπ θ .
